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TYPICAL AMBIGUITY AND THE AXIOM OF CHOICE

MARCEL CRABBE

E. Specker has proved that the axiom of choice (AC)is false in NF [6]. Since AC is

stratif ied, one can, according to another famous result of Specker Uf, prove directly
r AC in type theory (TT) plus some finite set of ambiguity axioms, i.e. sentences of
the form e e e 

n, where rp * results from g by adding one to its type indices.
We shall in $2 of this paper give a disproof of AC directly in TT plus some axioms

of ambiguity. The argument wil l be split into two parts. The first one (contained in

Propositi on 2) concerns cardinal arithmetic and has nothing to do with typical
ambiguity. Though carried out in TT, it could have been done in other set theories
such as Zermelo's Z or ZF. The second part is an application of this to the cardinals
of the universes at different types. This is made possible through the introduction of
an appropriate definit ion of 2'in fi1 enabling one to express shift ing sentences as
"typed properties" of the universe, in Boffa's sense. The disproof of AC is then
completed in 'IT plus two extra ambiguity axioms. In l i3, we show that this is in a
sense the best possible result: that means that every single ambiguity axiom is

consistent with TT plus AC, thus giving a positive solution to a conjecture of Specker

17, p.  1 191.

$1. The definit ion of 2o. Until the end of $2 we work in TT. As usual, we omit the
ment ion of  type indices.  /  is  the universe: { , "  I  ,  -  x} .  , '1 is the empty set :  {x lx *  x} .
NC is the set of  cardinal  numbers.  The let ters c,  f r ,^ l ,d wi l ldenote elements of  NC. lx l
is  the cardinal  number of  x; that  is ,  the set  of  a l l  sets equipol lent  to x.  v is lZ l .  USC(x)
is the set of  a l l  uni t  subsets of  x:  I  i  " r ' i  ly  e .x) .  SC(x) is the power set  of  x.  Tlx l  is

IUSC(x)1.  The inverse operat ion of  T is def ined by the c lauses: T-tTa":  a and
T-rx:  A,r f  x is not a cardinal  of  the form Tu, i .e.  x {  Tr ' .

Now we want to define 2o in such a way that it has the same type as a. This poses a
problem, because 2l ' i  is  usual ly taken to be ISC(x)1,  which is located one type higher
than lxi. One can adopt two different strategies to avoid this diff iculty. The first one is

to def ine 2i ' l just  in case lx l  :  IUSC(l ' ) l  for  some y and then put Ttxt  -  ISC(y)1.  The
second one consists in def in ing 2r"r  as ly l  when IUSC(l ' ) l  :  ISC(x)1,  and leaving
2t ' t  : ,4 when there is no such y.  The f i rst  def in i t ion was introduced by Specker and
is usual in the TT-NF literature. T'he second one, which wil l be adopted here, has
been introduced in [2] ,  where i t  is  shown to be more general ,  in TT and in NF, than
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the former. Formally one thus defines 2'as follows:

2t ' t  -  T- l lSC(r) l  and 2* :  Ai f  x t '  NC.

Beth numbers may now be introduced as usual :  lo(x)  :  x,  l ; * r ( .x)  :  ) ) i , ]
PnoposrrroN 1.  1.  2 lusc(xt l  :  ISC(r;1.
2.  2o # A - ,  T2o :2ro.
3. 2r" : TB --2o : {J.
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4. 2 * A -- a < 2 (Cantor's theorem).
pnoor ' .  1.  2 lusc(r)r  -  T- l  

lSC(USC(x)) l  :  T, ' luSC(SC(x)) l  :  ISC(x)1.
We let  x be an element of  e,  i .e.  Ix l  :  e.
2.  Using 1,  one obtains:  T2o :  TT- l lSC(x) l  :2ro, i f  2 + A.
3. ,  Let  y€ P. I f  2r" :  TB, then, by l ,  ISC(x) l  :  IUSC(y)1.  Hence 2o:

T r lSC(x) l  : ly l :0.
4.I t  is  known that IUSC(x) l  < ISC(x)1.  So 2o * Aimpl ies that  Ta < 2 ' t "  -  T2,,by

Iand2.Thusu<2. 
I

Note that the third part of this proposition is not true for Specker's definit ion of
20.

We define Q(y,a) as

{de NCIVx(a€xn (V0ex)ep St--2pe x)_, t )e x)}

i f  o{1,  and Q.(y,x) :  A i f  l . r ,  l }  g NC or x {  y.  e(^ i ,a)  is  thus the set
{o,2o,2 '" , . . . }  

^  ld ld < i , }  I f  y is a cardinal  number,-we let  yo denote the reast
cardinal number p such that e(y, p) is f inite. More precisely "ro : i i f { l < y, e(y, B)isfinite and (Vd < y)(iD(y,d) is f inite --+ [] 5; d), and ̂ lo : A otherwise. We remark that
Q(^l ,yo) is always f in i te and that e(y,^ ld + A i f f  yo + , l

The formula 7 e Q(y,y) means that 7 is the last (the greatest) cardinal in @(y, yo).
We let Last(y) denote this formula. We can also express that e(y,70) has an even
number of  e lements by wr i t ing down the formula:" there is a part i t i " "  

" f  
@(7,70) into

two equipollent sets". Even(i,) wil l abreviate this formula.
Using Proposi t ion r ,  one proves readi ly that  @(Ty,Ta):  {?"d l6e o1y,a)}  and

that (Ty)o :  Tyo. So one obtains
LsH,rua 0.1. Last(7)* Last * (7"i.
2.  Even(y)* Even * 

Qi l .
RnvrAnx. The meaning of this lemma becomes clear if one notices that

Last( lu l )  and Even( lu l )  are typed propert ies in the sense of  Boffa I l ] .  Indeed, i f
u * A then Last(lul) says that the sentence Last(v) is true in the structure
(u,  SC(u),  Sc(sc(u)) , . .  . )  which is " isomorphic" ro (uSC(u),  SC(USC(u)) ,
SC(SC(USC(u))) , . . .  )  (see [a])  and simi lar ly for 'Even|ul) .

$2' Let TT + AC be the theory of types with, as additional axioms, the sen-
tences expressing the axiom of choice at each level. In the following AC will be
used only through two of its consequences, namely (vx e NC)(xo + A) and
(Vxe NC)(Vye NC)(xSyn 2'+A--2 '<yv y<2') .

Lrnnae 1 (TT + AC). IJ' Zr a A, d 1y and .D(l,a) is .f inite, then

=PQtt  t .D(y,e n @(2' , ,a") :  e(y,u) u {2p} v e(2. / ,a) :  e(y,a) u {2r,2r l ) ) .



Pnoop. Assume the hypotheses. Since Q(y,u) is f inite and not empty, there is a

greatest cardinal BinaQ,'a).Wg have 2p { ^;,and,with AC, this impiies "i < z/J'Thus,

i f  Zto + A,20 <2t <Z' i i .So2p ee(2t ,e) .  And 220 eiD(2l ,a)r f f  22P :2t .

Lrnun 2 (TT + AC). U' 2/ + A, then "lo : (27)o'

pnoop. It follows from the hypothesis that @(7, y) : {l} and Q(2^t,7) : t} '  2)}' So,

from AC, 7o and (2r ' )o are not empty and (27)o < 7.  Moreover,  @(: i , (2 ' , )o)  C

Q(2r,(2,)o).Thus, A(1|() ' )o)  is  f in i te and not empty,  and 7o (  (2 ' )o '  On the other

hand, Q(2' ,yo) is also f in i te,  by Lemma 1'  Hence (2 ' )o {  }o '

PnoposrrroN 2 (TT + AC). 1. IJ' 2t + A, rhen r((Last(l) * Last(2?)) n

(Even(y) .- Even(2)))).
' -  

2 i i  22'  + A, then'-((Even(y)<-+ Even(27))  n (Even(2') ' ' - '  Even(22'))) '

Pnoon. Let us suppose 2't + A and Even(i)* Even(2))' By the two previous

lemmas, we then have Last(2l). Hence, 22' + A entails O(2t', (2')o) :

e(2r,(Zi)o) u {2r ' }  and so, by Lemma2,Even(2')*r  Even(22"; .  This proves 2.

Similarly, Last(7) implies Even(7) €+ --r Even(2)'), which proves I '  I

If E is a formula or a term, E * results from E by raising the types by one' We shall

use subsequent ly the wel l -known fact  (see [7])  that  TTFg entai ls TTFE*, for

t076

every formula g.

Tsnonnu l. There are two

TT + AC + (r ' - - ' r*)  + (o ' 'o-)
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sentences r und 6 such that the theories

and TT + AC + (o*o*)  + (o**o**)  are

inconsistent.
PnOon. The sentences r and o are Last(v) and Even(v), respectively' If we notice

that 2r" : v * and if we substitute Tv for 7 in the first part of Proposition 2, we

obtain
r ((Last*( fu)  *-  r*)  n (Even*(Tt ' )  +-+ o+ ))

as a theorem in TT + AC. We then use Lemma 0 to get the inconsistency of

TT + AC + ( t+-+t*)+ (o"d*) .

Using the second part of Propositi on 2 and the fact that 2'rrv - 7'+ and

)2rrw:"u**,  we obtain in a s imi lar  way the inconsistency of  TT + AC +

(o*o*)  + (o**o**) .  I

Forster has proposed [3, pp. 59-61] to consider axioms of ambiguity of the form

q e E* 
u, where gi u i, ,-+ 

' ) ; 
1t t i-. i  ), k > 0. Translating Specker's original proof

in TT, he notices that, given k,3k axtoms of this sort suffice to disprove AC. In fact

two such axioms are enough. This wil l be shown now.

Foreachk > 0,onedef inesthesets qx(" i ,a) :  Iu, lu(a), l ru(a)," ' )  n {dl6:  l } -by

substituting lr(Bi for 2P in thedefinit ion of @(y, a) in $ 1 . Remark that yo as defined in

$1 is also ttr. i .utt cardinal number a such that @u(7, a) is f inite and not empty'

Lvenu(i,) wil l be the formula expressing that 4>u(i ', /o) has an even number of

elements. Parallel to Lemmas I and 2 and Proposition2,we have in TT * AC:

1. lu(l) + A, a < y and Qu(^l,a) is f inite imply @u(l*(}), a) : @x("1,4) u {lu( i l} or

'Du(y, 
a) u { lu( f ), lu(r) } , fo' some a/ []) not in Qu1 

' 
a)'

2.( lu(y))o:  /o. f  )k( ; l+ A.

3. If )uQ) * A, then

r ((Last(7) +-+ Last(lu(l))) n (Evenu(7) <--+ Evenu(lu(v))));
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tl a.r(;) * A, tlrcn

-r (( Evenr(; ' )  .- '  Even*(11(r ')  )  )  n ( Er, 'enr( l i ( ; ' )  )  - '  Even*(),r(; ' ))  )  ) .
Pnclor 's.  The proof of  I  is  an immcdiatc gcneral izat ion of  the proof of  Lemma l .

and 2 resul ts by induct ion f rom Lemma 2. 3 is proved by general iz ing the proof of
Pr<rposi t ion 2;  l iowe ver.  thc last  l inc becomes: Last( ; , )  impl ies a,1l)  -  ; , .  for  somc
r < k.  and thus l ,*u( lJ)  :  ar( ; ) .  The conclusign fol lorvs.

Let or be the sentence Evenl(r ' ) .  Thcorem I  general izes to:
THt,oRnv 1 (nrs).  Frr  eut 'h f t  > 0.  t l rc theor ies T' f  + AC * (r+-+r*k) + br*ofr)

und TT + AC * (orr-  o[  ^)  + (oJ  ̂  *-  oI  t^)  ure ingols istent.

$3. Thc disproof of  AC can be accompl ishcci  wi th two shi f ts:  rwo scnrences
shi f t ing once or one shi f t ing twice.  We show now that th is is also neccssary.

Trtnt lREl ' t  2.  Frtr  eL'ert '  , \enten( 'e e und nuturul  numher / i  > 0.  the theort '
TT + ,4C + (E n,p *41 i ,s c ' r r r r .1 i ,51, , r r , .

PRoot ' .  Fix f t  > 0.  ,p r tnd let  0.  1. .  .  .  .p -  I  contain the types occur ins in rp.  We may
suppose that p > l .  By an abuse of  notat ion.  wc ident i fy rp wi th the strat i f iable
sentence of  the language of  ZF resul t ing f rom thc omission of  the typc indices in rp
and, i f  neccssa ry.  somc changcs of  bound var iables.  We work tn ZFC, where
cardinals arc as usual  ident i f ied wi th in i t ia l  ordinals.  I f  y is a cardinal(y *  0) ,  let  us
wri te aF q for  the formula < y. . , / (z) . . . . , . , /p ' (z)  > F rp (here . , /  is the power set
operat ion of  ZF. and the quant i l iers of  type i  are restr ictcd to , / i (a)(0 < i  < p -  l ) ) .
I f  TT + AC + (Er-  rp*41 were inconsistent,  then ZFC woulcl  prove

y. + 0 --+ (z F rp <--+),,(z) i ---t tp).

This is because ( t . , / (z) . . . . . . , / ' ( t ) . . . . )  is  a model of  TT + AC and E.rp+ft  are t rue
within i t  just  in case al  q.  ) /z)? q.  rcspect ively.  Let  us wr i te u -  lJ  for
" : t i  tpr-- '  lJ+ e". l t  wi l l  be suf f ic ient  to prove that

ZFC l- a * 0 -- -r y. - )t(r.)

does not hold.
We suppose (*)  t rue and der ive a contradict ion.  n wi l l  denote henceforth the

number 2(k + p) *  l .  Using forcing. we start  wi th a countable t ransi t ivc model M of
zFC having cardinals r i  (0 < i  < n) such that ao ' - .y.1 <. .  1an, 2o, :  / " i+2.
whenever i  < n -  1,2 '"  ' -  i , ,  and r , ,  ,  is  regular.  The fol lowing diagram wi i l
i l lustrate th is s i tuat ion in case k :  I  and p :  3- .

7. 1 1j
G-,----) a 

-__-_

o-- .=- ' ._- . - - - - - - - - - ) .

1.o 7.2 L4

So, i f  i  is  odd and i  < n.  then there is a 17 such that )00" i )  :  an(xi*  ,  ) .  and i t  fo l lows
from (*)  that  a" i  -  7. i+ r .

we use forcrng again in order to col lapse z,  ,  and r ,  wi thout changing the
si tuat ion below rn - ,  (scc [5]) .  This is done by extract ing a gener ic set  C from
c: l l l / is  afunct ionfromasubsetof  rn ,  havingpower <an ,  into a,) . .an 1

t j i7

(*)

_____--_ 

ra
Ls
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being regular,  C is a,-r-c losed and,
2o'  :  c i*z( i  < n -  2) ,and2'"-2 :  dn 1.
is thus chansed into:

d. 1

MARCEL CRABRE

in M[G],  a. i  is  a
Incasek: landp:

d.3

cardinal  ( i<n -  1) ,
3, the diagram above

#O

ao c2

(*)  impl ies that ,  in M[G],  d i  -  c i*r  when i  is  even and i  < n -  I '

But,  in MtG] there is no new subset of  a set  of  M of  power dn,t .Thus,

M[G] F (a, = rp) itr M F (ai + d 0 < 2k). So, going back to M, we remark

thatao -  dr  -  c2- " '  -  czk | -  c2k That is,as ' l r (ao),contradict ing(*1.  I
Rnunnrs. 1. The generalized continuum hypothesis can be disproved in TT plus

one ambiguity axiom (o *-+ o+ is such an axiom, though not the most natural one).

For this reason the proof of Theorem 2 needs situations in which the GCH does not

hold. Nevertheless it is compatible with the construction made in this proof that the

GCH holds below ao. In particular, every ambiguity axiom is consistent with

TT+AC+CH.
2. One can be the forcing constructions within TT plus an axiom of infinity.

Consequently, it is possible to weaken the assumption, made in the proof (for

convenience), that ZF is consistent.
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