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Abstract

We extend to NFU the familiar permutation method used in NF to obtain independence results for
unstratified sentences. We apply this technique in order to characterize the theories resulting from
the addition to NFU of the supposition that the number of atoms is less or equal to the number of sets
or the supposition that the number of atoms is greater or equal to the number of sets. Although we
show further that no stratified sentence on sets can be shown independent using this method alone,
we prove nevertheless independence results for stratified sentences referring to the set of atoms.
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1 Introduction TR TIT

L] o0 n
NFU is Quine’s New Foundations (usually abbreviated NF ) with the axiom of exten-
sionality weakened to allow atoms or urelements (see [10], [7], [9], [4] and/or the NF
home page math.idbsu.edu/ holmes/holmes/nf.html).

The language of NFU is the usual language of set theory, to which we add an
extra constant () representing the empty set. The non logical axioms of NFU are
the stratifiable comprehension scheme and the extensionality axiom for non-empty
objects. We add Vzz ¢ 0 to these in order to make explicit the meaning of the
symbol 0.

From an informal point.of view, we may interpret the universe of NFU as made
up of objects, which are efther sets or atoms, the atoms being cons1dered as obJects
without elements and all the sets savq_# “the empty set being not empt?y ..

The permutation method:l for proving the consistency of unstratifiable sentences
with NF' was first introduced by Scott [12] and developed by Henson [8] (see also [7]
and, for a general setting, [11]). -:I‘he idea of usmg surjective or injective functions
in place of bijections in the case of NFU or other systems with weak extensionality
axioms is already present in Boffa [1] and Crabbé [4].

We will in the next section present a general method of renaming sets which includes
the case of permutations in NF and other functions in NFU and prove the equivalent
of Scott’s theorem. We will also define a class of stratified formulas and prove the
analogue of a result by Henson for these formulas.

In the last section, we give alternative characterizations of the theories NFU+ “the
number of atoms is less or equal to the number of sets” and NFU+ “the number of
atoms is greater or equal to the number of sets”. We conclude the paper by showing
that the sentence expressing that the number of atoms is infinite is not equivalent in
NFU to a stratified sentence on sets if and only if NF itself is consistent.

1It should be clear that this techniltme Is"not the permutation method of Fraenkel and Mostowski.
[
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The following notations will be used as abbreviations to denote sets?: V for the
universe: {z | x = x }; U for the set of urelements: {z | Vyy ¢ z Ax # 0 }; P(a)
for the power set of a: {x | z is a subset of a }, where “z is a subset of a” stands for
the formula expressing that every element of x is an element of a and that x is a set:
Vylyexz —yeca)A(FvvexVa=0).

We note that the set of all sets is P(V) = {z | Jvv € 2 Vz = 0}; the set of
urelements is U = {z | x ¢ P(V) } so that P(V) =V \ U.

2 Renaming the sets in NFU

Suppose there is given a set S and a bijective “internal” function® s from S to the
set of sets: P(V) = V \ U. Extend s to a total function s, of V' to P(V) by letting
s«(z) =0, forz e V\ S.
Define:
TEsY as T §s.(y)

and select an empty set in the new “model” by letting (* = s=%(0)). Such a s will be
called a renaming function or simply a renammg4.

2.1 Renaming functions interpret NFU

n
We show that the universe with the new relation and' the new empty set is an inter-
pretation — a “model” — of NFU. In the sequel ¢® denotes the result of replacing
€ by €, and @ by (* in (the unabbreviated form of) ¢.5
Let’s begin with stratified comprehension. Remark first that ¢° is stratified when
¢ is. Hence, if ¢ is stratified, there is a y such that:

Va(z €y« ¢°)

If such a y is not empty then it is in P(V), if it is empty we can also have it in
P (V) by taking it to be (). Thus our y being in the range of s, there is a z such that
8«(z) = y. So we obtain:

eV (x €5 2« ¢°)

The axioms of comprehension are thus verified.
The axiom of extensionality of NFU, (Gww € x AVv (v Ex — v Ey)) —»x =y, is
interpreted as follows:

(FwweszAVo(veEsT > VvESY)) DT =Y

But if Jww €5  and Yv (v €5 x < v €5 y), then z,y € S and thus, by the axiom
of extensionality, s(z) = s.(z) = s.(y) = s(y). We conclude that x = y, because s is
one-one.

So, by induction on the length of proofs in NFU, we obtain the:

2Which means that an abstract {z | ¢ } denotes @ if no x fulfills ¢.
3“Interna1” means here that the collection of ordered pairs forming the extension of the function is a set.

4So that the sets previously labeled with elements of (V) are relabeled with elements of S, things not in the
new set of labels being considered as urelements in the new “universe” or “model”. Thus z €5 y is equivalent to
z € s(y) ANy € S, giving another way to define €.

Thus [z € 0]° is z €5 0°, which is equivalent to @ € s4(0°) = 0; and [z = 0]° is = 0°.
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Proposition 2.1 If NFU & ¢, then NFU + “s is a renaming function” = ¢*.

Remarks 2.2 This proposition was first proved in the case of permutations in NF by
Scott [12], who credits Bernays and Rieger for a similar result in other systems.

IfV = S then s is an bijective function fromV onto P(V') and s. = s is an injective
function from V into V.

If we are in NF then, as P(V) =V, s. is a surjection from V onto V.

Finally, if S =V = P(V), then €5 is nothing else than a permutation interpretation
in the ordinary sense.

2.2  Invariant Statements

It is well known that stratified sentences are invariant under permutation interpreta-
tions. This is no longer true for renaming. Indeed we will see that a sentence about
the number of atoms is normally stratifiable and a renaming function typically will
stretch or shrink the set of atoms without altering the size of the set of sets. Never-
theless, as we will show in this section, the result remains true if instead of stratified
sentences, we consider stratified sentences on sets: i.e. sentences that are about sets,
sets of sets,. ..

The usual notational conventions will be used: if T is or abbreviates {z | ¢ }, T*
stands for {x | ¢° }, so that [z € T]® is x € T*.

Lemma 2.3 In NFU+ “s is a renaming with domain S”, one has: VS =V, P(V)* =
S andU® =V\S.

PRroor
x € V® means (z = )%, i.e. x = x.
x € P(V)* means (Jyy € xVa = 0)%, which is Jyy € s.(z) Vo = 0, that isz € S.
xeU’meansz € VEAx ¢ P(V)*, whichisz e V Az ¢S.
_|

Let as usual f[z] denote the range of the function f restricted to the domain z:
flz] ={ f(2) | z € x }. We now define a hierarchy of total functions.

Definition 2.4
so(z) =z
Snt1(2) = sl ()]

Lemma 2.5 In NFU + “s is a renaming”, the sequence of functions (sg, 1, $2,...)
restricted to the typed structure (V°, €, P(V)?, €5, P(P(V))*,...) is an isomorphism
of:

(Ve €5, P(V)*, €5, P(P(V))®,...) and (V,€,P(V),€,P(P(V)),...), such that each
Snt1 sends 0 to (.

PrROOF
Let us stay in NFU + “s is a renaming”. It is clear that s,41(0%) = s,[s.(0°)] =
5,[0] = 0 and it is equally clear that sg is a bijective function between P(V)* =
and PO(V) =V.

Assuming, as inductive hypothesis, that s, is a bijective function from P"(V)* to
P"(V), we now show that:
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aif x € P*(V)* and y € P"*1(V)*, then:
T Es Y sn(T) € Spny1(y)

b 5,41 is a bijective function from P"+1(V)* to P*TH(V). ==
Lo

This will then complete the proof.
Before we proceed, we observe that it is a consequence of proposition 2.1 that:

VaVy (y € PPV A x €5y — o € PH(V)?) (2.1)

Proof of a. Suppose z € P™(V)* and y € P"TH(V)*. .
If x €5 y, it is immediate that s,(z) € sp[s«(y)] = sn+1(y). Lo

For the converse, suppose $p(x) € Spt+1(y) = Sn[s«(y)]. Then there is a z such
that s,,(z) = s,(x) and z €, y. Since y € P"T(V)*, we have z € P"(V)*, by (2.1).
Therefore, since by the inductive hypothesis s, is injective on P™(V)*, z = 2 and
thus 4 €, vy as required.

Proof of b. Let z and y be distinct elements of P**1(V)s. By proposition 2.1
and (2.1), there is a z € P™(V)® such that z €5 z and z ¢5 y (or z ¢ x and z €, y).
Therefore, by a, s,(2) € spt1(x) and s,(2) ¢ snt1(y) (or sp(2) ¢ spt1(x) and
$n(2) € 8p41(y)). This proves that tha réstriction of s, 1 to P*+1(V)* is injective.

Next we show that P"*t1(V) includes the image under s,;1 of P"t1(V)s. We
remark that if x € P"T1(V)*, then by (2.1) every y €, x is in P*(V)?, and, by the
inductive hypothesis, s, (y) € P*(V). Therefore s,41(x) = sp[s«(x)] € P*T(V).

To conclude, we must also show that s, 41, restricted to P"1(V)*, is surjective
onto P"t1(V). Let z € P**1(V). By the inductive hypothesis, each w € = is the
image under s,, of an (in fact unique) element of P™(V)?, so that & = s, [v], for some
v € P(P™(V)?). This v belonging to P(V) is the image under s of some X € S. Thus
$nt1(X) = sn[s4(X)] = gofv] = x. Finally, if 2 €, X then z € v and this implies that
z € P*(V)*. Therefore X € P"T1(V)*, because Vz(z €5 X — 2z € P*(V)*) — X €
PnHL(V)*, by proposition 2.1. _|

The typed structure < V, €, P(V), €, P(P(V)),€,... > can be viewed as a model
of type theory. If ¢ is a stratified formula, the formula saying thaf!¢ is true in this
structure is stratified too. This leads to the formal definition: -

Definition 2.6 If ¢ is a stratified formula with o fized stratificationS, then V E ¢
will denote the stratified formula obtained from ¢ by restricting its quantifiers with
index i to PY(V):iA stratification we use to do this is called appropriate.

A formula of the form V = ¢ will be called on sets.

Remarks 2.7 In [2], Boffa introduced the notion of typed property: he considers
formulas of the form x = ¢, expressing that the stratified sentence ¢, viewed as
a sentence of type theory (a typed sentence), is true in the structure (x,€,P(x), €
,P(P(x)),...), formed by the sets above x; and he defines a typed property of x as a
formula equivalent in NF (or NFU) to one of the form x |= ¢. Thus a sentence on
sets expresses the fact that the universe verifies a typed property; this notion of typed
property of the universe is nonetheless relative to the system, while that of sentence
on sets is not.

6We exclude the negative integers from the range of stratifications.
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In NF, every stratified sentence is a typed property of the universe: i.e. is equivalent
to a sentence on sets because there V.="P(V) and Vz ¢ is equivalent to (Vx € V) ¢.

Sentences like the axiom of infinity or the axiom of choice are equivalent in NFU
to sentences on sets; however the axiom of extensionality, saying that everything is a
set, is (perhaps) not equivalent in NFU to a sentence on sets.

Proposition 2.8 In NFU+ “s is a renaming” one proves that x1 € P (V)% 29 €
Pi2(V)5, ..., imply

O(z1,22...)° — d(s4, (x1), iy (22) .. .)
if ¢ is a formula on sets and for some appropriate stratification all the x1, x2,. .. free

in ¢ have been assigned respectively the indices i1, ia,. . .
1

Proor "
This proposition is a restatement of lemma 2.5 and generalizes to renaming functions
a result by Henson [8]. o

Lemma 2.9 Let ¢ be a formula on sets such that for some appropriate stratification
the index 1 has been assigned to all the variables x1,...,x, free in v and such that,
for 1 <14 <n, x; does not occur free in x;, then:

[Fz1...2p e P(V)(Vz(z €21 = 1) A . AV2Z(2 €y o Xn) AY(21 ... 20))]°
Jry...xp € P(V)Vz(z €21 o XI) A ... AV2(2 € Xy = X5) AY(T1 ... Ty))

is provable in NFU + “s is a renaming”. -
-- Lo
1 1

Proor . _,
Without loss of generality, we deal with the case n = 1 only. Using lemma 2.3,
proposition 2.8 and the fact that sy = s,, [3z € P(V) (Vz(z € © < x) A¢(2))]° is
shown successively equivalent to:
Jz € P(V)® (Vz(z € su(x) < X°) ANp(x)°)
e S (Fa(z € 5.(1) o x°) A (s.(2))
Jz e P(V)(Vz(z € x < x°) ANp(x)

:- T :- T :- T _|

Remarking that, for any set abstract T, we have T' € P(V) and T° €, S, by
proposition 2.1 and lemma 2.3, we obtain the following consequence of lemma 2.9:

Proposition 2.10 If¢(x ... x,) is on sets with an appropriate stratification attribut-
ing the index 1 to x1 ...x,, the only variables free in it, and Ty,...,T, are set ab-
stracts, then:

Fz1...on(xr=TANA ... A2y =Ty AY(21 ... 20))]°
>
g .ccxp (@ =TPA o A2y =T A Y(21 .. )
is provable in NFU + “s is a renaming”; in short:

NFU + “s is a renaming” &= (Ty ... Tp)° < (I ... T}))
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Remark 2.11 If ¢(x) is (equivalent) to a formula on sets, ¥ (T') need not be generally
s0.

s will be used as an abbreviation of 3s (“s is a renaming” A ¢).

Theorem 2.12 If¢(x1 ...xy,) is a formula on sets with an appropriate stratification
assigning 1 to all its free variables x1, ..., xn, and if Ty, ..., T, are set abstracts,
then:

NFU +3sy(Ty .. THE ¢ iff NFU+Y(Th... Ty ¢

for all sentences on sets ¢.

Proor
Taking s as the identity function on P(V'), the “only if” direction becomes obviious.
So we limit ourselves to the “if” direction.
Let ¢ be a sentence on sets such that NFU + (T3 ... T,) F ¢. By proposition 2.1,
we have: el
NFU + “5 tsa renaming” - ¢(Ty ... T,,) — ¢°

Combined with proposition 2.10, this entails that:
NFU + “s is a renaming” - (17 ... T) — ¢

Therefore:
NFU + (“s is a renaming” A (715 ... T3)) F ¢

and thus NFU + 3s¢(T7 ... TS) F . _|

3 The Number of Atoms

3.1  The aziom of infinity and the number of atoms

Definition 3.1 Al is the axiom of infinity. This axiom is a 3-stratifiable sentence
and is equivalent to a sentence on sets.

To avoid misunderstanding, we define g as the least cardinal of an infinite well
orderable set, N1 as the next cardinal of a well orderable set... If no such cardinals
exist then g = 0, or Xy = 0... Thus |z| = N, implies AI. We must also modify
the natural definition of the sum of cardinals by setting k + p = () when there are no
disjoint sets of cardinal k and p.

The next theorem characterizes the theorems on sets of NFU plus the hypothesis
that the number of atoms is less or equal to the number of sets.

Theorem 3.2 The theory NFU + |U| < |P(V)| has the same (closed) theorems on
sets as each of the following: NF = NFU+|U| =0, NFU+|U| =n, NFU+|U| =X,
(n a natural number) and NFU + AI + “U| is finite”.

ProoF
First we show that the following sentences are proved equivalent in NFU + AlI:

adz(lz| <|P(V)|AP(V)| + |z| = |V]),
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b |P(V)| +n = |V| (for each natural number n),
c |P(V)| +RN,, = |V| (for each natural number n),
d Jz (“x is finite” A |P(V)| + |z| = |V]).

In NFU + AI, one proves R,, < |P™(V)| < |P(V)| (X, exists, is not empty), and
thus &'< |P(V)] if a is a finite cardinal or is X,,. Therefore, each of b, ¢, d implies a

In order to show that a implies b, ¢ and d, we observe first that (in NFU + AI)
we have” [USC(V)| + 1 = [USC(V)| and, from this, |P(V)| + [P(V)| = 2/USCVI 1.
USCVII = 2lUSC(VIIF1 = 2lUSCV) = |P(V)]. Tt follows that |[P(V)| + |z| = |P(V)
iff |z| < [P(V)|. Assume a, then |P(V)| = |V| and thus |P(V)| + |z| = |V] for every
|z] < |P(V)|. Whence b, ¢ and d.

Combining what we just proved with the fact that |[P(V)|+ |U| = |V, the following
theories are shown identical:

a* NFU + AI +3s|U?| < [P(V)?],

b* NFU + AI 4+ 35 |U®| = n,

c* NFU + Al + 35 |U?| = R,,,

d* NFU + Al + 3s “|U*| is finite”.

h 1
[e—

Remarking that the formulas |z| < |y|, 2| = n, |z| = R, (for n > 0) and
“|z| is finite” are (equivalent to formulas) on sets, we may conclude, by theorem 2.12,
that the following theories have the same theorems on sets:

a** NFU + AI + |U| < |P(V)|,
b** NFU + AI + |U| = n,
c** NFU + Al + |U| = Ry,
d**'NFU + AI + “|U| is finite”.

In [6], we prove that, in NFU, |U| < |P(V)| implies AI. Therefore a** b** and
c** are identical to NFU + |U| < |P(V)|, NFU + |U| = n and to NFU + |U| = R,
respectively (we remind that |U| = ,, implies ATI). il
Remark 3.3 The equiconsistency of NF, NFU + |U| = 1, NFU + |U| = 2,.. .Ealmd
the equiconsistency of NF and NFU + AI 4 |U| < |P(V)| were already proved in [1]
and [3]. M. Boffa drew our attention to the fact that the concluding remark of [2]

easily entails that NFU + |P(V)| = |V| has the same theorems on sets as NF.

Theorem 3.4 The theories NFU + |U| > |P(V)| and NFU have the same (closed)

theorems og_s_qts.

Proor

By theorem 2.12, NFU + |U| > |P(V)]| has the same theorems on sets as NFU +

s |U®| > |P(V)?|. It will suffice thence to prove in NFU that 3s|U?®| > |P(V)*|.
NFU+ AT proves that there is a set S such that |S| = |P(V)| and [V\S| = [P(V)|+

|U|. This is because |P(V)| + |P(V)| + |U| = |V] is provable in it. 3s|U*®| > |P(V)*|

is thus provable in NFU + AlI.

7USC(V) is the set of all the singletons.
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On the other hand NFU + —AI proves |U| > |P(V)| because it proves |U| <
[P(V)| V|U| > |P(V)| and, as shown in [6], |[U| £ |P(V)|. 3s|U*| > |P(V)?| is thus
provable in NFU 4 = AT too.

Hence NFU proves 3s [U®| > |P(V)*]. _|

3.2 How to say that the set of atoms is infinite?

Definition 3.5 NFUoco is NFU plus the sentences stating that there are at least 1,
2, ..., n, ...urelements.

UI is the sentence expressing that there is an infinity of urelements. It is 4-
stratifiable (but maybe not equivalent to a sentence on sets).

Theorem 3.6 Let T be any extension of NFU that is a subtheory of NFUoo + Al.
Then:

NF is consistent iff

UI is not equivalent in T to a sentence on sets iff

UI is not equivalent in T to a 3-stratifiable sentence.

Proor

We first assume that NF is inconsistent. By theorem 3.2, NFU + |U| < |P(V)]| is
inconsistent too. But clearly, NFU + AI + —UI + |U| < |P(V)|. Therefore NFU +
AT+ —UI is inconsistent and NFU + AT — UI. On the other hand, NFU + UI — Al
Therefore in NFU, and thus in T', UI is equivalent to a 3-stratifiable sentence, namely
Al, and also to a sentence on sets.

Now we prove the converse. Let’s suppose that there is a sentence on sets 1 such
that NFUoo + AI - 1 «» UI. Then NFUoo + AT +UI F %. Since NFU + AI + |U| >
|P(V)| F NFUoco 4+ AI + UI, we have NFU + AI + |U| > |P(V)| - ¥ and, observing
that Al is equivalent to a sentence on sets, theorem 3.4 yields NFU + Al |- 1. :_’1'_ihus
NFUoco+ Al - UI. It follows that, for some natural number n, NFU +|U| < n+AI -
UI. Hence NFU+AI F |U| > n. But since, from the celebrated result by Specker [13],
NFU+ AT is a subtheory of NF, NF proves that there are atoms and so is inconsistent.

In order to prove this in the 3-stratifiable case, we use the following proposition
(Crabbé [5]): Every S-stratifiable sentence is equivalent in NFUoo to a sentence on
sets.

If UI was equivalent in NFUoo + AI to a 3-stratifiable sentence, then it would
also be equivalent to a sentence on sets, and, by what we just proved, NF would be
inconsistent .

_I

Remarks 3.7 Note that, by [18], UI is equivalent in NFU + AC to Al

The result can be generalized in the following way: if T is a set of sentences on sets
(or 3-stratifiable sentences), then for any theory T between NFU +T' and NFUoo +
'+ AI, Ul is equivalent in T to a sentence on sets (or to a 3-stratifiable sentence)
iff NF + T is inconsistent.
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